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~
~
A method for developing relations for C L and C m using general airfoil theory and conformal mapping
without applying linearizing approximations such as the need for thin airfoils, small airfoil camber, or small
angles of attack is shown. More accurate, and mathematically correct relations for the location of the
aerodynamic center are obtained by accounting for the trigonometric and aerodynamic non-linearities lost in
the development of traditional relations for the location of the aerodynamic center of airfoils. These more
accurate descriptions for the location of the aerodynamic center are shown to be significant when predicting
aircraft static stability.
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I. Introduction

section axial-force coefficient
section drag coefficient
section lift coefficient
~
first derivative of C L with respect to α
~
first derivative of C L with respect to α , at
α =0
section moment coefficient about the
origin
section moment coefficient about the
aerodynamic center
quarter-chord moment coefficient
leading-edge moment coefficient
section moment coefficient about the
point (x, y)
first derivative of a section moment
coefficient with respect to α
section normal-force coefficient
section chord length
freestream airspeed
axial and upward-normal coordinates
relative to the leading edge
axial coordinate of the point on the chord
~
line where C m ,α = 0 , at α =0
x and y coordinates of the aerodynamic
center
y coordinate of the camber line
angle of attack
zero-lift angle of attack
local strength of the vortex sheet
camber angle

Correctly identifying the location of the aerodynamic
center of a lifting surface is extremely important in
aircraft design and analysis. For example, the location
of the aerodynamic center of a complete aircraft
relative to the center of gravity is an important
measure of pitch stability. This location, termed the
neutral point for a complete airframe, is a function of
the aerodynamic center of each lifting surface or wing.
The aerodynamic center of a wing is a function of the
aerodynamic center of the airfoil. Thus, correctly
predicting the aerodynamic center or neutral point of a
complete airframe during preliminary design depends
on the accuracy to which we can predict the
aerodynamic centers of airfoils and finite wings.
A. Traditional Relations for the Aerodynamic
Center
The aerodynamic center is traditionally defined to
be the point about which the pitching moment is
invariant to small changes in angle of attack, i.e.
~
∂C m ac
≡0
(1)
∂α
For a typical airfoil, the vertical offset of the
aerodynamic center from the airfoil chord line is small,
and the drag is much less than the lift. Additionally,
the angle of attack is small for normal flight
conditions. Therefore, following the traditional
development for the location of the aerodynamic
center and applying the traditional approximations,
~
~
~
y ac sin α ≅ 0 ,
C L cosα >> C D sin α ,
y acC D ≅ 0 ,
cosα ≅ 1, yields the traditional [x, y] location of the
aerodynamic center,
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Using the constraints given by Eqs. (1) and (3), and
following the method developed by Phillips, Alley,
and Niewoehner [1] we obtain relationship which
describe the location of the aerodynamic center and
the pitching moment coefficient about the
aerodynamic center while still accounting for the nonlinear effects lost in the traditional approach,

Figure 1. Forces and pitching moment on an
airfoil.

~
C mO ,α
xac
=− ~
,
c
C L,α

y ac
=0
c

(2)

Note that the y-coordinate is traditionally assumed to
be zero due to the approximations applied in the
development.
Equation (2) gives the traditional approximation
for the location of the aerodynamic center of an airfoil.
These relations are widely used today across the
aerospace industry and academia. Furthermore, these
relations are traditionally used to approximate the
location of the neutral point of aircraft, and are used to
evaluate aircraft static stability. The approximations
used in the development of Eq. (2) neglect
nonlinearities in lift, pitching moment, and drag.
Furthermore, this traditional approach reduces the
nonlinear trigonometric relations to linear functions of
angle of attack. These linearizing approximations
significantly hinder our understanding of the effects of
nonlinearities associated with pitch stability of airfoils
and aircraft. In order to provide a more accurate
solution for the location of the aerodynamic center, we
shall examine a method developed to relax the
linearizing assumptions in a more general
development of the aerodynamic center.

∂y ac
≡0
∂α

(4)

~
~
~
~
y ac C N ,α C mO ,α ,α − C mO ,α C N ,α ,α
= ~
~
~ ~
c
C N ,α C A,α ,α − C A,α C N ,α ,α

(5)

x ~
y ~
~
~
C mac = C mO + ac C N − ac C A
c
c

(6)

Equations (4) and (5) oﬀer a more accurate
description of the location of the aerodynamic center
for any lifting surface. It allows for evaluation of both
the x and y coordinates of the aerodynamic center,
unlike the traditional approximations given in Eq. (2),
which always predicts a y-coordinate for the
aerodynamic center that lies on the chord line.
Furthermore, Eqs. (4) and (5) correctly include the
effects of vertical offsets as well as trigonometric and
aerodynamic nonlinearities such as drag.
Note that Eqs. (4) and (5) are dependent on first
and second aerodynamic derivatives with respect to
angle of attack, while the traditional approximation
given in Eq. (2) depends only on first derivatives.
Therefore, although the location of the aerodynamic
center given by Eqs. (4) and (5) is more
mathematically correct than the traditional
approximation given in Eq. (2), the general solution
for the aerodynamic center depends on accurately
predicting aerodynamic nonlinearities, even below
stall. To estimate the aerodynamic center of airfoils,
thin airfoil theory is often applied, which, as will be
shown, neglects these second-order nonlinearities.

B. General Relations for the Aerodynamic Center
Phillips, Alley, and Niewoehner [1] presented
general relations for the aerodynamic center, which do
not include the linearizing approximations used in the
traditional approach. They suggested a second
constraint beyond that given by Eq. (1) to isolate the
location of the aerodynamic center, namely, that the
location of the aerodynamic center must be invariant
to small changes in angle of attack, i.e.,
∂xac
≡0,
∂α

~
~
~
~
xac C A,α C mO ,α ,α − C mO ,α C A,α ,α
= ~
~
~ ~
c
C N ,α C A,α ,α − C A,α C N ,α ,α

C. Classical Thin Airfoil Theory
Thin airfoil theory was developed by Max Munk
during the period between 1914 and 1922 [2–6]. In this
classical theory, an airfoil is synthesized as the
superposition of a uniform flow and a vortex sheet
placed along the camber line of the airfoil as shown in
Figure (2). Small camber and small angle-of-attack
approximations are applied such that higher order
terms can be neglected. This results in the classical
thin-airfoil lift and pitching-moment relations

(3)
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~
~
C L = C L,α (α − α L 0 )

(7)

~
~
~
C
C mO = C mc 4 − L
4

(8)

distributions are integrated to evaluate the resulting lift
and pitching moment.
For any given complex transformation, and after
considerable algebraic manipulation, the general
section lift coefficient is obtained

~

~
CL ≡

where C L ,α is the lift slope, α L 0 is the zero-lift angle
~
of attack, and C mc 4 is the pitching moment about the
quarter chord.

~
L
1
2

ρV∞ 2 ( zt − zl )

=


8π R 2 − y0 2 
y0

+
α
α
sin
cos


( zt − zl ) 

R 2 − y0 2



(9)

where c = zt − zl is the airfoil chord length. Thus,
regardless of the transformation, the lift coefficient
will be of the form

~
~
C L = C L 0,α (sin α − tan α L 0 cos α )

Figure 2. Synthesis of a thin airfoil section from
superposition of a uniform flow and a curved
vortex sheet distributed along the camber line.

(10)

~
where C L 0,α is the lift slope at zero angle of attack and
α L 0 is the zero-lift angle of attack. These can be
computed from

8π R 2 − y0 2
~
,
C L 0,α =
( zt − zl )

Notice from Eqs. (7) and (8) that the lift and
pitching moment about any coordinate in the airfoil
plane, are predicted by this theory to be linear
functions of angle of attack. Strictly speaking, Eqs. (7)
and (8) are only accurate in the limit as the airfoil
geometry and operating conditions approach those of
the approximations applied in the development of
classical thin airfoil theory. These assumptions include
an infinitely thin airfoil, small camber, and small
angles of attack. However, it is generally accepted that
the form of Eqs. (7) and (8) are
of
~ correct for angles
~
attack below stall. Therefore, C L ,α , α L 0, and C mc 4 are
often used as coefficients to fit the solutions from Eqs.
(7) and (8) to airfoil data obtained from experimental
or numerical results. This results in predictions for lift
and pitching moment that are linear functions of angle
of attack below stall. In order to better understand the
influence of nonlinear aerodynamics on the location of
the aerodynamic center, we now consider a more
general development of airfoil theory that does not
include any approximations for thickness, camber, or
angle of attack.

α L 0 = θ t = − tan −1  y0


R 2 − y0 2 


(11)

Notice that from Eqs. (9) and (11) that the lift and zerolift angle of attack do not depend on either the
transformation or the real part of the cylinder offset,
x0. On the other hand, the lift coefficient and lift slope
at zero angle of attack depend on the transformation,
which in turn depends on x0. In any case, Eq. (10) is a
general form for the lift coefficient of an arbitrary
airfoil. No assumptions were made about the shape of
the airfoil in the development of Eq. (10). Therefore,
we would expect this form of equation to fit the
inviscid lift properties of any airfoil.
Using the Blasius relations and following a
similar development as to that which lead to Eq. (9),
the pitching moment about an arbitrary point in the zplane can be obtained from the moment coefficient
relative to the origin and the lift coefficient
~
4π C1
sin(2α )
Cm =
( zt − zl ) 2

II. General Airfoil Theory

~ ( x − x0 ) cos α + ( y − y0 ) sin α
+ CL
zt − zl

A general airfoil theory that does not include the
approximations of small camber, small thickness, and
small angles of attack can be developed from the
method of conformal mapping [7, 8]. In this theory,
flow about a circular cylinder is mapped to flow about
any arbitrary two-dimensional surface, and pressure

(12)
In order to compute the pitching-moment coefficient,
we need to know C1, zt, and zl, which must be found
3
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This can be accomplished by fitting Eqs. (10) and (13)
to a set of airfoil data obtained from experimental or
numerical results.

from the transformation. However, regardless of the
transformation, the pitching moment coefficient about
any point in the domain will be of the form

~ ~
~
~
C m ≡ C m 0,α sin(2α ) + C m, N C L cos α
~ ~
+ C m, AC L sin α

III. Evaluating Lift and Pitching-Moment
Equations Against Vortex Panel Method

(13)

Equations are commonly compared against sets of
airfoil data obtained from experimental results or
computational fluid dynamics in the range of angles of
attack below stall. Because Eqs. (10) and (13) were
developed without any assumptions for airfoil
geometry other than that of a single trailing edge, we
should expect the form of these equations to match
inviscid airfoil aerodynamic properties (generated
from a vortex panel method) more accurately than Eqs.
(7) and (8). The root mean squared (RMS) error for a
given method can be computed from

For a given transformation and desired pitchingmoment location, the pitching moment can be
evaluated from Eq. (13) with the coefficients

~
C m 0,α =

4πC1

~
~
x − x0
y − y0
, C m, N =
, C m, A =
zt − zl
zt − zl
( zt − zl )
2

(14)
The form of Eqs. (10) and (13) hold for any airfoil
transformation, and therefore, for any arbitrary airfoil
shape. These relations were developed without any
approximations for airfoil thickness, camber, or angle
of attack, and are therefore not constrained under the
same limitations that were used in the development of
the traditional relations given in Eqs. (7) and (8).
~
~
~
~
The coefficients C L 0,α , α L 0, C m,α , C m, N , and C m, A
required in Eqs. (10) and (13) can be evaluated
analytically from a known parent cylinder offset and
transformation by using Eqs. (11) and (14).
For airfoil geometries that were not generated
from conformal mapping, the form of Eqs. (10) and
~
(13) are still valid, but the coefficients C L 0,α , α L 0,
~
~
~
C m 0,α , C m, N , and C m, A must be evaluated numerically.

RMS ≡

S
n

(15)

where S is the sum of the squares

~
~
Figures (3) and (4) show the values for C L and C m of
a NACA 8415 airfoil computed using Eqs. (7) and (8)
developed from Thin Airfoil Theory, and Eqs. (10)
and (13) developed from General Airfoil Theory. Each
of these methods are compared against numerical
results generated from a vortex panel method for a
range of angles of attack below stall.
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Figure 3. Comparison of coefficient of lift for a NACA 8415 airfoil over a range of
angles of attack below stall using a vortex panel method, general airfoil theory, and
thin airfoil theory methods.

Figure 4. Comparison of pitching moment coefficient for a NACA 8415 airfoil over a
range of angles of attack below stall using a vortex panel method, general airfoil
theory, and thin airfoil theory methods.

5

Pope

It~can be ~
seen from Figures (3) and (4) that results for
CL and Cm computed using Eqs. (10) and (13) more
accurately match inviscid airfoil results generated
from the vortex panel method. In order to better
understand ~
the accuracy
~ of each method, RMS error
values for CL and Cm compared against the vortex
panel method were computed for 200 unique NACA
4-digit airfoils. The results shown in Figures (5) and
(6) constitute error values for the NACA 24XX,
44XX, 64XX, and 84XX family of airfoils, where the
percent thickness ranged from 01-50% chord. Note
that the RMS error from the general airfoil theory is
several orders of magnitude smaller than that of the
traditional relations based on thin airfoil theory. In
fact, the RMS error from the general airfoil theory is
on the order of machine precision. With current
measurement technology for experimental setups, this
accuracy in the lift and pitching moment predictions is

clearly unwarranted. Experimental data is generally
only known to 2 or 3 significant figures, which is the
same order of accuracy as obtained from thin airfoil
theory. Therefore, the significance of general airfoil
theory is not that is can more accurately be fit to
experimental data or to CFD simulations. Indeed,
the error in experimental data or CFD simulations
alone falls outside the range of accuracy to be found in
either the general airfoil theory or thin airfoil theory.
Thus, using one theory over the other will not give
significantly improved results if we wish only to
predict lift or pitching moment over a range of
angles of attack below stall. The significance of the
general airfoil theory becomes significant only
when second derivatives for lift or pitching moment
as a function of angle of attack are needed. Such is
the case in the estimation of the location of the
aerodynamic center.

Figure 5. Coefficient of lift RMS error for general airfoil theory and thin airfoil
theory compared respectively to a vortex panel method. RMS error values are shown
for 200 unique NACA 4-digit airfoils with percent thicknesses between 01-50% chord.
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Figure 6. Pitching moment coefficient RMS error for general airfoil theory and thin
airfoil theory compared respectively to a vortex panel method. RMS error values are
shown for 200 unique NACA 4-digit airfoils with percent thicknesses between 01-50%
chord.
aerodynamic
and
trigonometric
linearizing
approximations to Eqs. (4) and (5). This method was
briefly outlined in the Introduction, and results in an
aerodynamic center location given in Eq. (2). Here we
take a slightly different approach by first using Eqs.(7)
in Eqs. (16) and (17) and applying small angle
approximations to obtain,

IV. The Aerodynamic Center of Inviscid
Airfoils
In general, the aerodynamic center can be
correctly predicted using Eqs. (4) and (5) [1]. Recall
that this definition for the location of the aerodynamic
center is a general definition, in that it does not include
any linearizing or small-angle approximations. We
shall now consider the location of the aerodynamic
center of inviscid airfoils as predicted by the relations
developed from classical thin airfoil theory, given in
Eqs. (7) and (8), compared with the relations
developed from general airfoil theory, given in Eqs.
(10) and (13). Because we are considering only
inviscid effects, the axial and normal force
components required in Eqs. (4) and (5) can be
approximated by neglecting the drag as,
~
~
C A = −C L sin α

(16)

~
~
C N = C L cos α

(17)

~
~
C A = −C L,α (α − α L 0 )α

(18)

~
~
C N = C L,α (α − α L 0 )

(19)

From Eqs. (18), (19), and (8) we calculate the
necessary first and second derivatives required in Eqs.
(4) and (5)
~
~
C A,α = −C L,α (2α − α L 0 )
~
~
C N ,α = C L,α
~
~
C m0,α = − C L,α 4
(20)
~
~
C A,α ,α = −2C L,α
~
C N ,α ,α = 0
~
C m0,α ,α = 0

A. Thin Airfoil Theory
Predictions for the aerodynamic center from thin
airfoil theory are traditionally obtained by applying
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Using the relations given in Eq. (26) in Eqs. (4) and
(5), after considerable algebraic manipulation, gives

Using the relations from Eq. (20) in Eqs. (4)–(6) gives
an approximation for the aerodynamic center and the
pitching moment about the aerodynamic center based
on thin airfoil theory
xac
=
c

~
C
− ~m 0 ,α
CL ,α

y ac
=0
c

~
~
~
C mac = C m 0,α α L 0 + C m 0

~
C
~
xac
= −2 ~ m,α cos 2 α L 0 − Cm, N
c
C L 0,α

(27)

(28)

(22)

~
Cm,α
~
y ac
= ~
sin(2α L 0 ) − Cm, A
c
C L 0,α

(23)

~
~
Cmac = Cm,α sin(2α L 0 )

(29)

(21)

Notice that Eqs. (27)–(29) are independent of angle of
attack. These relations were developed from general
airfoil theory, which does not make any assumptions
for small angles of attack, small camber, or small
thickness. Therefore, the location of the
aerodynamic center for an arbitrary airfoil in
inviscid flow is a single point, independent of angle
of attack.
Figure (7) shows the aerodynamic center for a
NACA 8415 airfoil as predicted by using a second
order finite difference approximation on data
generated by a vortex panel method in Eqs.(4) and (5),
thin airfoil theory given in Eqs. (21) and (22), and the
general airfoil theory given in Eqs. (27) and (28). Note
that the aerodynamic center predicted by Eqs. (27)
and (28) does not lie at the quarter-chord, but is a
single point 1.8% aft and 2.1% above the quarterchord point. Because the static margin is generally
on the order of 5% for a stable aircraft, the
difference in these approximations for the location
of the aerodynamic center of an airfoil can be
significant.

Eqs. (21)-(23) are again the traditionally accepted
relations for the location of the aerodynamic center
and the moment coefficient about it. We now compare
this result to that from general airfoil theory.
B. General Airfoil Theory
An estimate for the aerodynamic center of an
arbitrary inviscid airfoil can be found by using the lift
and pitching-moment relations from general airfoil
theory. Using Eq. (10) in Eqs. (16) and (17) gives

~
~
C A = −C L 0,α (sin α − tan α L 0 cosα ) sin α

(24)

~
~
C N = C L 0,α (sin α − tan α L 0 cosα ) cosα

(25)

From Eqs. (24), (25), and (13), the first and second
derivatives required in Eqs. (4) and (5) are

~
~
C A,α = C L 0,α [tan α L 0 cos(2α ) − sin(2α )]
~
~
C N ,α = C L 0,α [tan α L 0 sin(2α ) + cos(2α )]
~
~
~
C m0,α = C L 0,α {C m, N [tan α L 0 sin(2α ) + cos(2α )]
~
+ C m, A [sin(2α ) − tan α L 0 cos(2α )]}
~
+ 2C m,α cos(2α )
~
~
C A,α ,α = −2C L 0,α [tan α L 0 sin(2α ) + cos(2α )]
~
~
C N ,α ,α = 2C L 0,α [tan α L 0 cos(2α ) − sin(2α )]
~
~
~
C m0,α ,α = 2C L 0,α {C m, N [tan α L 0 cos(2α ) − sin(2α )]
~
+ C m, A [tan α L 0 sin(2α ) + cos(2α )]}
~
− 4C m,α sin(2α )
(26)
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Figure 7. The [x, y] location of the aerodynamic center of a NACA 8415 airfoil
predicted using a second order finite difference method, general airfoil theory,
and thin airfoil theory.
aerodynamic center to the airfoil chord line. While the
difference in location of the aerodynamic center
predicted using thin airfoil theory and general airfoil
theory is only on the order of a few percent, this
becomes significant when predicting important
aircraft static stability parameters such as the static
margin which is also on the order of a single digit
percent.

VI. Conclusions
It has been shown that using general airfoil theory and
conformal
mapping,
we are able to develop relations
~
~
for CL and Cm which do not rely on linearizing
approximations such as the need for thin airfoils, small
airfoil camber, or small angles of attack. By
accounting for the trigonometric and aerodynamic
non-linearities lost in the development of traditional
relations for the location of the aerodynamic center of
airfoils, more accurate, and mathematically correct
relations for the location of the aerodynamic center
can be obtained. Therefore the significance of
general airfoil theory is not that is can more
accurately be fit to experimental data or to CFD
simulations. The significance of the general airfoil
theory becomes significant only when second
derivatives for lift or pitching moment as a function
of angle of attack are needed. Such is the case in the
estimation of the location of the aerodynamic
~center.
~
These more accurate relations for CL and Cm and
subsequently the [x, y] location of the aerodynamic
center match results predicted by second order finite
difference approximations of numerical vortex panel
data and do not restrict the y coordinate of the
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